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ABSTRACT. There are two kinds of exotic spheres: bp spheres, which bound parallelizable
manifolds, and non-bp spheres, or very exotic spheres, which do not. In the 1960s, W.-
C. Hsiang showed that in each dimension where bp spheres exist, there is at least one
which admits infinitely many inequivalent smooth free S*-actions, and in each dimension
congruent to 3 modulo 4, there is at least one bp sphere which admits infinitely many
inequivalent smooth free S3-actions. On the other hand, for each fixed prime p, smooth
free S1- and S3- actions are only known to exist on finitely many very exotic spheres with
nontrivial p-local Kervaire-Milnor invariant, all in dimension less than approximately p>.
In this paper, we use topological modular forms to detect smooth free S*- and S3-actions
on infinite families of very exotic spheres with nontrivial 2- and 3-local Kervaire-Milnor
invariants.

1. INTRODUCTION

An exotic n-sphere is a smooth n-dimensional manifold which is homeomorphic, but not
diffeomorphic, to the n-sphere S™ C R"*! equipped with its standard smooth structure.
Wang and Xu [WX17] conjectured that exotic n-spheres exist for all n > 5 except for
n € {5,6,12,56,61}. This conjecture is true for n odd by [WX17, HHR16, Bro69, KM63],
for n <139 by [BHHM20], and for at least half of all even n by [BMQ23]. Although many
exotic spheres are known to exist, relatively little is known about their geometry, and in
particular their symmetry.

Question 1.1 (Hsiang-Hsiang [HH68]). Does every exotic sphere admit a smooth faithful
Sl-action?

All exotic spheres which bound parallellizable manifolds (“bp spheres”) admit smooth
faithful S'-actions via equivariant plumbing or analysis of Brieskorn representations (cf.
[HH67]), so we restrict attention to exotic spheres which do not bound parallelizable
manifolds. We will refer to these as “non-bp spheres”, or, following Schultz [Sch85], as “very
exotic spheres”. Bredon [Bre67] and Schultz [Sch75] showed that certain non-bp spheres of
dimensions (8% + 1)- and (8k + 2) (those with nontrivial a-invariant) admit smooth faithful
Sl-actions. The second author’s results with Botvinnik in [BQ23] imply that infinitely many
other non-bp spheres admit smooth faithful S'-actions, although these only account for a
small proportion of all non-bp spheres.

In this paper, we will focus on the following variant of the Hsiangs’ question:

Question 1.2. Which exotic spheres admit a smooth free S'-action?

Since S! cannot act continously and freely on an even-dimensional sphere, the question is
only relevant for odd-dimensional exotic spheres. In [Hsi66], W.-C. Hsiang showed that bp
spheres in every odd dimension admit smooth free S'-actions, so again, we restrict attention
to non-bp spheres. R. Lee [Lee68] showed that the exotic (8k + 1)-dimensional non-bp
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spheres with nontrivial a-invariant do not admit free S'-actions. Moreover, none of the
actions obtained using the results of [BQ23] will be free.

To state some positive results, recall that up to summing with bp spheres, non-bp spheres
are classified by the image of their Pontryagin—Thom invariant in the cokernel of the stable
J-homomorphism [KM63]. To the authors’ knowledge, the only non-bp spheres which are
known to admit free S'-actions are as follows:

(1) For p = 2, the non-bp spheres in dimensions 9, 15, 21, and 23 with 2-local Pontryagin—
Thom invariants 13, k7, 02, and kv, respectively;

(2) For p an odd prime, the non-bp spheres in dimensions less than 2p® + 2p? — 4p — 3
with p-local Pontryagin-Thom invariants a1 8] (r < p), a1518s (r + s # p), 1€
(1<i<p-—2), i€, and pp.

These were all proven to exist in unpublished work of Brumfiel [Bru69, Props. 8.14, 8.15],
to which we refer for naming conventions. The action on the non-bp 9-sphere with 2-
local Pontryagin-Thom invariant v® and the non-bp 13-sphere with 3-local Pontryagin—
Thom invariant «;/3; was published in [Bru71, Thm. 1.10], albeit citing the aforementioned
unpublished computations. A fully published proof of the action on the 9-sphere was given
by D.M. James in [Jam80] using different methods, and a fully published proof of a smooth
free S3-action on the non-bp 15-sphere using Brumfiel’s techniques appeared in recent work
of Basu and Kasilingam [BK22|. In summary, only finitely many non-bp spheres with
nontrivial p-local Pontryagin-Thom invariant are known to admit smooth free S'-actions
for each prime p.

In this paper, we identify infinite families of non-bp spheres with nontrivial 2- and 3-local
Pontryagin-Thom invariants which admit smooth free S'-actions. In fact, our analysis
sometimes allows us to produce infinite families of non-bp spheres with free S3-actions.

Theorem A.

(1) For each m € {15,59} and k € N, there exists an (m + 96k)- or (m — 4 + 96k)-
dimensional non-bp sphere with nontrivial 2-local Pontryagin—Thom invariant ad-
mitting a smooth free S3-action.

(2) For each k € N, there exists a (13 + 72k)-dimensional non-bp sphere with nontrivial
3-local Pontryagin-Thom invariant admitting a smooth free S!-action.

To prove the theorem, the first step is translating from geometric topology to stable
homotopy theory, which is accomplished using the classical ideas of Brumfiel mentioned
above [Bru69, Bru71]. Roughly speaking, Brumfiel’s work allows one to detect smooth free
Sl-actions on non-bp (2n + 1)-spheres by producing nontrivial elements in 72(CP"), the
zeroth stable cohomotopy group of the nth complex projective space, which do not extend
to 72(CP"**) for some k > 0. The same ideas can be adapted to study free S3-actions on
non-bp (4n + 3)-spheres using the stable cohomotopy of quaternionic projective spaces. We
recall Brumfiel’s work on S'-actions and work out the analogous results for S3-actions in
Section 2, with the reduction from free actions to stable cohomotopy appearing in Section 2.1,
Section 2.2, and Section 2.3.

Having related the problem to stable homotopy theory, the second step is finding nontrivial
torsion elements in 70(CP™) and 7% (HP") for various n after localizing at 2 or 3. To do so,
we use the Hurewicz homomorphisms

m(CP") — tmf°(CP™) and #2(HP") — tmf°(HP")
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for connective topological modular forms, a generalized cohomology theory which detects
infinite families of nontrivial elements in the stable homotopy groups of spheres. We refer
to [DFHH14] for an introduction to ¢tmf. For our purposes, the essential points regarding
tmf are that the Hurewicz homomorphisms for spheres 70(S™) — tmf°(S™) are completely
understood [BMQ23, BS23], the tmf-cohomology of CP" is completely computable after
localizing at 3, and the tmf-cohomology of HP™ is computable after localizing at 2 or 3. The
analysis of these tmf-cohomology groups is the technical core of the paper, and is carried
out in Section 4.1, Section 4.2, and Section 5.1.

These computations and various cofiber sequences involving complex and quaternionic
projective spaces allow us to lift nontrivial elements in tmf°CP" and tmf°HP" to 7dCP"
and 7VHP". The following theorem combines the results of Section 4.3 and Section 5.2.

Theorem B. For each j > O:
(1) There exist nontrivial elements in (7YHP*T247) 5y and (rJHP'3247) 5y with nontriv-
ial Hurewicz image in (tmfoHP2+24j)(2) and (tmeHP13+24j)(2), respectively.
(2) There exists a nontrivial element in (7JCP5"3%7) 5 with nontrivial Hurewicz image
in (tme(CP6+36j)(3) .

The third and final step is translating back from stable homotopy theory to geometric
topology. Using the surgery exact sequence, each element in part (1) above detects a nontrivial
homotopy smoothing of HP?+?4/ and HP'3+24 and each element in part (2) detects a
nontrivial homotopy smoothing of CP%+35/, These homotopy smoothings correspond to
smooth free S3- and S'-actions, respectively, but as we explain in Section 2.4, determining
the precise sphere on which we obtain an action requires some additional analysis involving
relations in the stable homotopy groups of spheres. This is carried out in Section 4.4
and Section 5.3. The ambiguity in part (1) of Theorem A stems from our incomplete
understanding of certain explicit products in the stable homotopy groups of spheres.

1.1. Acknowledgements. The authors thanks Gabriel Angelini-Knoll, Boris Botvinnik,
Reinhard Schultz, and Oliver Wang for helpful discussions. The second author was supported
by NSF grants DMS-2414922 and DMS-2441241.

2. REDUCTION TO STABLE HOMOTOPY THEORY

In this section, we recall Brumfiel’s approach to classifying free S'- and S3-actions on
homotopy spheres from [Bru69, Bru71], which builds on ideas of W.C. Hsiang from [Hsi66].
In Section 2.1, we explain the passage from free S'- and S3-actions on homotopy spheres
to homotopy smoothings of complex and quaternionic projective spaces. In Section 2.2,
we describe the passage from homotopy smoothings to F//O-bundles. In Section 2.3, we
describe the reduction from F/O-bundles to stable cohomotopy of complex and quaternionic
projective spaces. In Section 2.4, we discuss how to determine the homotopy sphere on
which one has detected an action through the above procedure. We summarize the results
in Section 2.5.

2.1. From free actions to homotopy smoothings. Suppose ¥?"*! is a homotopy
(2n + 1)-sphere with homotopy smoothing

B . 22n+1 i) 52n+1
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which is equipped with a smooth free S'-action
T: 8" x p2ntl o y2nrd

Then we have a commutative diagram

$2n+1 h g2n+1

| |

pr " ,cpr,

where P := ¥2nF1/G1 and h : P* — CP™ classifies the principal S'-bundle over P"
determined by the S'-action 7. The map h is a homotopy equivalence, so P" is a homotopy
smoothing of CP™. This gives a function from the set of free circle actions on homotopy
(2n + 1)-spheres to the set of homotopy smoothings of CP™. In fact, we have the following:

Proposition 2.1 ([Bru69, p. 3] or [Hsi66, Sec. 2]). For n > 3, the function defined above
provides a bijection between the set of equivariant diffeomorphism classes of smooth free
Sl-actions on homotopy (2n + 1)-spheres and the set of equivalence classes of homotopy
smoothings of CP".

Notation 2.2. If M is a smooth manifold, we write hS(M) for the surgery structure set of
M, i.e., the set of isotopy classes of homotopy smoothings of M. We regard hS(M) as a

pointed set with basepoint M LNy VS
Completely analogous arguments prove the following analogue for S3-actions.

Proposition 2.3. For n > 2, there is a bijection between the set of equivariant diffeomor-
phism classes of smooth free S3-actions on homotopy (4n + 3)-spheres and hS(HP™).

2.2. From homotopy smoothings to F//O-bundles. Let M* be a smooth k-manifold
and let F/O := fib(BO — BF). An F/O-bundle is a map g : M¥ — F/O. Geometrically,
an F/O-bundle is a stable vector bundle &(g) — MP* together with a fiber homotopy
trivialization G : S(£) — S4™(&) of its sphere bundle S(¢) — MF*. Making G transverse
regular to a point p € SV gives a framed submanifold
LF xRN € 5(¢)

such that

o Glriypy : LF xRN — SN —p = RN is the projection onto RY,

e G(S(¢) — LF xRN) = p, and

o m: LF — MPF is of degree one.

Given a framed submanifold L¥ x RV C S(€), we can do framed surgery to try to make
7. L*¥ — M¥ into a homotopy equivalence without changing the associated F/O-bundle
over M*. The only obstruction is the middle-dimensional surgery obstruction, which for
simply connected M lies in the group Py = Li(Z), which is Z if k =0 mod 4, Z/2 if k =2
mod 4, and zero otherwise.

Conversely, given a homotopy equivalence f : L* — M* with homotopy inverse f, we can
cover f up to homotopy by an embedding of L¥ into the total space of & = f*(11) — Tas
over M*. Since L* has trivial normal bundle in &, we can choose a framing L* x RY C ¢ to
define a map

O(L*, f): M* — F/O.
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One can show that the homotopy class of §(L*, f) is independent of choices.

Below, we will be interested in the homotopy class of @(L*, f). Since F/O is a path-
connected H-space, unpointed homotopy classes of maps from MP* into F/O are in bijection
with pointed homotopy classes of maps from M¥ into F/O. It will be slightly more convenient
below to work with pointed homotopy classes, so we state the following proposition using
pointed maps.

Proposition 2.4. Let M* be a simply connected smooth k-manifold. The surgery exact
sequence (cf. [Ran02, 1.18]) is an exact sequence of pointed sets

Pip1 = hS(M*) & (M, F/O] 5 P,

where [M*, F/O] denotes the pointed set of pointed homotopy classes of maps from MP* to
F/O. In particular, if k is even, then 6 is injective.

Specializing to the cases M* = CP™ and M* = HP", we obtain the following:
Corollary 2.5.
(1) For all n > 3, there is an exact sequence of pointed sets
0 — hS(CP™) % [CP", F/O] 5 Py,

If n is even, then Py, = Z, and if n is odd, then P, = Z/2.
(2) For all n > 2, there is an exact sequence of pointed sets

0 — hSEP™) & [|P", F/O] 5 7.

2.3. From F/O-bundles to stable cohomotopy. To translate from F/O-bundles to
stable cohomotopy, we will use the sequence of fibrations

(1) SO - SF — F/O — BSO — BSF.

The following result combines [Bru69, Cors. 2.1 and 2.3]. Since we will need to modify the
result in the quaternionic case, we sketch the proof from Brumfiel’s work.

Proposition 2.6 ([Bru69]). There is a split short exact sequence
Ln/2]
0— [CP", F] — [CP",F/O] - @ Z — 0.
i=1

In particular, there are isomorphisms
[n/2]
[cP", F/O]= € Z®[CP",F] and [CP",F/Olix = [CP",F] = x)(CP").
i=1
Proof. Applying [CP™, —] to the sequence (1) yields an exact sequence
[CP",SO] — [CP",F] — [CP",F/O] — [CP",BSO] — [CP", BF].
An elementary Atiyah—Hirzebruch spectral sequence computation shows that

[CP",S0] = KO~'CP" =0,
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yielding injectivity of the map [CP™, F] — [CP", F/O]. Moreover, Adams and Walker
[AW65] showed that

@}Z{ZJ Z ifn=0,2,3 mod 4,

CP™ BSO| =~ KOCPp™ =
(CP", BSO] {(@}Z{% Z) ®Z/2  ifn=1 mod4.

Adams and Walker also proved that the kernel of [CP™, BSO] — [CP", BF] is a free abelian
group of maximal rank. The proposition follows. O

We have the following quaternionic analogue.

Proposition 2.7. There is an exact sequence

[n/2] n
& z/2 — [HP", F] - [HP",F/0] - @ Z — 0.
i=1 =1

Proof. Applying [HP"™, —| to the sequence (1) yields an exact sequence
[HP", SO] — [HP", F] — [HP", F/O] — [HP", BSO] — [HP", BF].
The Atiyah—Hirzebruch spectral sequence shows that
[n/2]
[HP",SO| = KO~ 'HP" = P Z/2.
i=1
No hidden extensions are possible because every class in KO~! is divisible by 1, which is

simple 2-torsion. On the other hand, the quaternionic analogues of the results of Adams
and Walker proven by Sigrist and Suter [SS74] imply that

[HP", BSO] = KO"HP" = (HZ
i=1
for all n, and since [HP™, BF] is finite, we see that the kernel of [HP", BSO| — [HP", BF|
is free abelian of maximal rank. 0

Remark 2.8. The image of @ZLZ{QJ — [HP™, F] is the image of the J-homomorphism for
HP™. Our examples below will never be in the image of this map, and so they always have
nontrivial image in [HP", F'/O].

Definition 2.9. The groups 7’CP" := [CP", F| and 7HP" := [HP", F|] are the zeroth
stable cohomotopy groups of CP™ and HP™.

We will be interested in lifting elements from [CP", F) C [CP™, F'/O] and Im([HP", F| —
[HP™, F/O]) to hS(CP™) and hS(HP™). To do so, we will use the following.

Proposition 2.10.
(1) For n = 4k, 4k + 1, 4k + 2, and conjecturally if n = 4k + 3 # 2/ — 1, we have
s([CP™, F]) = 0. Moreover, if n = 4k + 3, then any odd torsion classes in [CP™, F

has trivial image under s.
(2) For any n > 1, we have s(Im([HP", F] — [HP", F/0])) = 0.
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Proof. For the CP™ statement, see [Bru71, Lems. 1.5, 1.6, Conj. 1.7], noting that CP™ in
our notation is equivalent to CP(n + 1)g = CP™™!\ D**2 in Brumfiel’s notation. The
claim about odd torsion follows from the observation that the target P, has no odd torsion.

For the HP™ statement, observe that the image of [HP", F'] in [HP", F/O] is torsion,
while the target of s is torsion-free. ([l

Remark 2.11. Although we will not need it, we note for the sake of completeness that
when n = 4k + 3, Brumfiel provides a method (attributed to Sullivan) for computing s on
[CP™, F] using the total Wu class; see [Bru69, Lem. 8.3].

2.4. The map o. The results above show that, in favorable circumstances, we can use
elements in 7’CP™ and 7'HP" to detect smooth free S'- and S3-actions on homotopy
spheres. Given such an element, Brumfiel’s work also describes how to determine which
homotopy (2n + 1)- or (4n + 3)-sphere the action is on. We will summarize the discussion
for CP™; the discussion for HP"™ is completely analogous.

Let CPJ! := CP"*!\ D?"*2 50 that we have a D?-bundle D? — CPy*+! 2, cpPm and
maps

sl > geprtt & epptt 2 epr,

These induce maps
cp, F/o] 2255 (cprtt Fro) 255 hS(CPrYy D Ty,

where T'g;, 41 is the group of h-cobordism classes of oriented homotopy (2n + 1)-spheres
[KM63] and

Z*(h . M2n+2 i) (C_Pél+1) — aM2n+2'
We define
(2) o:=1i"0H" : [CP",F/O] — I'ap41.
The following result of Brumfiel explains the significance of o.

Proposition 2.12 ([Bru69, Prop. 1.1]). Let f : P?* = CP™ correspond to T : S'xx2n+1
321+ Then X227+ = o (P, f).

The work of Kervaire and Milnor [KM63], Brumfiel [Bru68], Mahowald and Tangora
[MT67], Barratt, Jones, and Mahowald [BJM84], and Lin, Wang, and Xu [LWX24] implies
that T'yp+1, the target of o, admits the following decomposition:

Proposition 2.13. If 2n + 1 # 5,13,29,61, 125, then 'y 11 = bPay 12 @ coker Jo, 41, where
bPoy 42 is the subgroup of homotopy spheres which bound parallelizable manifolds and Jay, 1
is the stable J-homomorphism.

Brumfiel showed [Bru71l, Lem. 1.8] that o(Z) C bPs,12, so classes from the free
summand can only detect free S'-actions on bp spheres. As these are relatively well-
understood [Hsi66], we will restrict our attention to computing o on classes in [CP", F/O]
and [HP", F/O] which come from the torsion groups 7JCP" and 7?HP".

Let ¢ : I'9pp1 — coker Jop, 11 denote the Kervaire-Milnor invariant, i.e., the composite of
the Pontryagin—Thom invariant with the projection onto the cokernel of J. Except in the
exceptional dimensions listed above (the dimensions one less than those in which a manifold
of Kervaire invariant one exists), a homotopy sphere ¥ is non-bp if and only if p(X) # 0.
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Since we are interested in detecting free S'- and S3-actions on non-bp spheres, our strategy
will be to find classes x € 7)CP" and x € 7JHP" whose images under the composites

(3) 79CP" = [CP", F] < [CP", F/O] & Topy1 2 coker Jop i1,

(4) 7VHP" = [HP", F| — [HP", F/O] % T4ni3 2 coker Jy, 13
are nNonzero.

Lemma 2.14.
(1) For 2n 4+ 1 # 5,13,29,61, 125, the following diagram commutes:

oH

r0CP" —=— [CP™, F] y [SPHLF] — s m
Js I |
[CP”,F/O] L> F2n+1 L) [S2n+1,F/O] i) coker J2n+1

Here, each map labeled ‘¢’ is induced by the quotient map F' — F/O, and H is the
attaching map of the (2n + 2)-cell of CP" 1

g2n+l He cpn . cpntl
(2) For all n, the following diagram commutes:

HP" —=— [HP", F] off y [S4 3 F] — S 7,

I I I

[HP", F/O] —%— Tants —— [S¥H3, F/O] —=— coker Jun 3,

where each ¢ is induced by the quotient map F' — F/O and H' is the attaching map
of the (4n + 4)-cell of HP" "1,

S4n+3 i/> HP" < HPn—i_l.
Proof. This follows from the definition of o. O

Notation 2.15. The cellular filtrations of CP™ and HP" give rise to (nonunitally) multi-
plicative Atiyah—Hirzebruch spectral sequences

By = 2(n*8)[2]/(z"1) = 7*CP", By = 2(78)[2]/(z" ") = 7 HP".

Here z denotes a generator in dimension —2 and —4, representing the bottom cell of CP"
and HP", respectively.

The previous lemma and a straightforward diagram chase imply the following.

Corollary 2.16.

(1) Suppose o # 0 € 7?CP" is detected by a class z*z in the Atiyah-Hirzebruch spectral
sequence converging to mCP", and suppose further that d.(z*z) = 2"ty in the
Atiyah-Hirzebruch spectral sequence converging to 7*CP" ™. Then p(o(a)) =
q(y) € coker Ja,11. In particular, there exists a non-bp sphere with Pontryagin—
Thom invariant y which admits a free S'-action.
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(2) Suppose a # 0 € coker(KO~'HP™ — 7HP") is detected by a class zFz in the
Atiyah-Hirzebruch spectral sequence converging to 7iHP", and suppose further that
d.(2¥) = 2"y in the Atiyah-Hirzebruch spectral sequence converging to 7 HP" 1,
Then ¢(o(a)) = q(y) € coker Jy,+3. In particular, there exists a non-bp sphere with
Pontryagin-Thom invariant y which admits a free S3-action.

2.5. Summary. For future reference, we briefly summarize the discussion above.

2.5.1. S'-actions. Equivariant diffeomorphism classes of free S!-actions on homotopy (2n-+1)-
spheres are in bijection with AS(CP™), the set of isotopy classes of homotopy smoothings of
CP™. There is an exact sequence

0 — hS(CP") — [CP™, F/O] 3 Py,

for n > 3, so we are interested in classes in [CP", F//O] which are in the kernel of s. There is
also a map o : hS(CP™) — D941 which recovers the particular homotopy sphere on which
we obtain a free S'-action.

There is a splitting [CP™, F//O] = [CP", F] ® @ Z. We have o(@ Z) C bPop+2 C Topt1.
As free S'-actions on bp-spheres are known to exist in all odd dimensions, we restrict
attention to [CP", F] = nVCP".

If n=0,1,2 mod 4, then s([CP", F]) =0. If n =3 mod 4, then s = 0 on odd-torsion
classes.

Each nontrivial class a € 7JCP" is detected by a class zFz for some z € w3, and
1 < k < n which survives in the Atiyah-Hirzebruch spectral sequence for 7;CP". If «
lifts to a nontrivial class & € hS(CP™), i.e., if a € ker(s), then we have o(&) = 3, where
d-(z*x) = 213 in the Atiyah-Hirzebruch spectral sequence converging to 7:CP"*1,

2.5.2. S3-actions. Equivariant diffeomorphism classes of free S3-actions on homotopy (4n+3)-
spheres are in bijection with AS(HP™), the set of isotopy classes of homotopy smoothings of
HP™. There is an exact sequence

0 — hS(HP™) — [HP",F/O] % 7Z

for n > 2, so we are interested in classes in [HP™, F//O] which are in the kernel of s. There is
also a map o : hS(HP"™) — I'yp+3 which recovers the particular homotopy sphere on which
S3 acts.

There is an exact sequence

0—z/2 - xIHP" — [HP", F/O] — PZ — 0.

We have o(@Z) C bPy,+4. Since free S3-actions on bp-spheres are known to exist in all
dimensions congruent to 3 modulo 4, we restrict attention to nontrivial classes in the cokernel
of PZ/2 — n'HP".

For all of these classes, the surgery obstruction s vanishes. Each nontrivial class « in
the cokernel is detected by a class 2k2 for some z € 74, and 1 < k < n which survives int
he Atiyah-Hirzebruch spectral sequence for 7¥HP". Writing & € hS(HP™) for a lift of «
to hS(CP™), we have o(&) = 3, where d,(z*z) = 2”713 in the Atiyah-Hirzebruch spectral
sequence converging to w;k]HIP"“.
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3. TOPOLOGICAL MODULAR FORMS AND THE ALGEBRAIC ATIYAH-HIRZEBRUCH SPECTRAL
SEQUENCE

Our strategy for producing families of elements in the cohomotopy of P™ (standing for
either of CP™ or HP™) is to construct elements in tmf°(P™) that are in the image of the
Hurewicz homomorphism. Unlike cohomotopy, tmf-cohomology of projective spaces has
two kinds of periodicity: one coming from the intrinsic 576-periodicity of ¢tmf and the other
from the Thom isomorphism derived from the string orientation of ¢tmf, which implies that
the tmf-cohomology of infinite projective space has a certain Thom class as a polynomial
generator in it. Crucially, the image of the Hurewicz homomorphism in ¢mf is also 576-
periodic. This means that a single class in tmf 0(P”) that is in the Hurewicz image gives
rise to a periodic family of nonzero cohomotopy classes (as in Theorem B).

In this section, we briefly recall the Adams—Novikov spectral sequence for tmf and the
algebraic Atiyah—Hirzebruch spectral sequence, which we will use extensively in the following
computational sections.

The MU-based Adams—Novikov spectral sequence for tmf A X has signature

By = Bxt{, auaawy(MUs, (MU A tmf).X) = tmf X

By a change-of-rings isomorphism (cf. [DFHH14]), this Fs-term is isomorphic to the coho-
mology of the Weierstrass curve Hopf algebroid (A,T"), given by

A =7Zla1,az,a3,a4,a6); T = Alr, s, t],

with coefficients in A,(X). Here, the homology theory A.(X) is constructed by A.(X) =
(tmf N X (4))«(X) with coefficients A.(pt) = A, where X (4) is a certain Thom spectrum first
studied by Ravenel in [Rav84]; for details, we refer to [DFHH14]. From this point of view,
the Adams—Novikov spectral sequence is sometimes called the descent spectral sequence.

Complete computations for X a point can be found in [Bau08]. In this case, the Ea-term
of the above spectral sequence is called the ring of derived modular forms. Its homological
degree 0 part agrees with the ring of integral modular forms.

In order to understand the differentials in the tmf-based Atiyah—Hirzebruch spectral
sequence for P", it is useful to consider the algebraic Atiyah—Hirzebruch spectral sequence
instead. This spectral sequence has the signature

By = Ext? 1y (A, A)[2)/ (") = Ext¥ ) (A, A (DPY)).

It is a trigraded spectral sequence, where classes in Ext®' have tridegree (s,t,0), z has
tridegree (0, —4, —4) for HP* and (0, —2, —2) for CP*°, and the degree of the differential
d'is (—1,0,1).

We consider this spectral sequence not only for P™ but also, in an inductive argument,
for the truncated projective spaces

P’? — Pn/Pkfl o~ (P)nfk)k[/7

where the last term denotes the Thom space of the k-fold sum of the tautological (complex
or quaternion) line bundle on P"~%,

The source and target of the algebraic Atiyah—Hirzebruch spectral sequence are Es-terms
of Adams—Novikov spectral sequences, and there is a commutative diagram of spectral
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sequences

Ext?) py (4, A)[z2] == Ext{} (A, A.(DHP))

J !

where the bottom spectral sequence is the classical, tmf-based Atiyah—Hirzebruch spectral
sequence.

Note that we choose to run the algebraic Atiyah-Hirzebruch spectral sequence at the
same speed as the topological one, meaning that for HP>, d* = 0 unless 4 | i, and for CP>,
d' = 0 unless 2 | i.

Remark 3.1. The spectrum X~ *¢tmf A HP" has been studied under different names. It
is equivalent to the spectrum tejF,, of topological even Jacobi forms of index 2n [BY26],
and also to the truncated spectrum of quasi-modular forms [Dev22], which can be described
as tmf A (S//v)=1", where S//v denotes the Ej-cone of the Hopf map v € m3(S), and the
superscript denotes the 4n-skeleton. Similarly, the spectrum tmf A CP™ is closely related
to the spectrum tjf,, of topological Jacobi forms studied in [BM25]. However, we need
detailed knowledge about the life and death of particular unstable classes in tmf° (P™), so
we cannot directly use these results and instead perform computations with the algebraic
Atiyah—Hirzebruch spectral sequence.

In order to lift elements from tmf°(P") to 72(P™), we will use the tmf-Hurewicz homo-
morphism

h:7d(P") — tmf°(P™).

Computing the image of this homomorphism for all n would be significantly harder than
our computations below, so instead, we use the cofiber sequences

pr—t 5 pn gk

where k = 2 for CP™ and k = 4 for HP", in order to use the complete computations of the
tmf-Hurewicz homomorphisms for spheres

h: o (SP) — tmfO(S*m).

These were carried out after localizing at 2 by Behrens, Mahowald, and the second author
in [BMQ23], and after localizing at 3 by Belmont and Shimomura in [BS23]. The results in
this work are restricted to these primes because the tmf-Hurewicz homomrphism is trivial
above degree zero after localizing at larger primes.

4. ANALYSIS AT p=3

In this section we prove the p = 3 part of Theorem A. In Section 4.1 and Section 4.2,
we study tmf*HP™ and tmf*CP"™ using the Atiyah-Hirzebruch spectral sequence. In
Section 4.3, we use the tmf-Hurewicz homomorphism [BS23] together with our Atiyah—
Hirzebruch analysis to produce nontrivial elements in 7%(CP™) for certain n. In Section 4.4,
we deduce geometric consequences.
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4.1. The Atiyah—Hirzebruch spectral sequence for HP" at p = 3. At p = 3, the ring
of derived modular forms is given by

Ext( py (A, A) = Zg) [, B, ca, 6, Al (0%, ¢} + ¢§ — 17284)

where |a] = (4,1), |8] = (12,2), |cs| = (8,0), |cs] = (12,0), and |A| = (24,0) (see [Bau08,
Sec. 5] for details). Since up to suspension, HP? is the cone on the Hopf map v € 7§, we
have that in m.tmf[z], d4(z) = 2%v. Since v is represented by « in derived modular forms,
we have the fundamental differential dy(2) = 22 there.

Figure 1 shows the Ej-term of the algebraic Atiyah-Hirzebruch spectral sequence for HP3,
where the differentials d4(z) = 2%« follows from the above discussion and d4(2?) = 223
from the Leibniz rule. Here and in most of the following charts, we omit the ideal generated
by ¢4 and cg, which in any case consists of classes outside the Hurewicz image.

6

4

2 °
o o’
0 my

-12-10-8 -6 -4 -2 0 2 4 6 8 10 12

FIGURE 1. The algebraic Atiyah-Hirzebruch spectral sequence for HP? at p = 3

Now in 7, (S5), the Toda bracket equation § = («, @, @) holds and thus we have that

26 =22 a,a,a) = (23, a, a)a

must be zero since (23, &, @) = 0. Thus there must be a differential

ds(v) = 2°8
The spectral sequence collapses at Ey for dimensional reasons since all surviving classes are
in Adams—Novikov filtration 0. Also the classical Atiyah—Hirzebruch spectral sequence must
therefore collapse at Fy.

Since the truncated 3-cell projective spaces HPglfif’ are homotopy equivalent after local-
ization at p = 3, we find that the complete algebraic Atiyah—Hirzebruch spectral sequence
for HHP*® collapses at Eg as well. Looking more closely at dimension 0, we find the following
classes in the E4-term:

T, = 5iH6) AT g2
When 3 | 5i + 65, i.e. 3 | i, the class T;; is a d8-boundary and thus represents 0 in
tmf*(HP5*57). In the other cases,

dy(Ti5) = 2T jou
Thus T; ; represents a permanent cycle in the algebraic Atiyah-Hirzebruch spectral sequence
for HP®+6J (since Tz = 0 in this case), and it extends to HP®t6/1 if and only if dy(T; ;) = 0
in the tmf-based Atiyah-Hirzebruch spectral sequence. Since 5% = 0 in tmf,, we see that
this is the case whenever j > 0, and the classes T} o are in filtration 0 and hence not in the
image of the Hurewicz map.

We conclude that this study at p = 3 did not give rise to candidates for free S3-actions,
but the computations will be useful to look further for S!-actions.
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4.2. The Atiyah—Hirzebruch spectral sequence for CP" at p = 3. Let p denote the
standard 4-dimensional representation of S3 and consider the cofiber sequence of S3-spaces

(S%/8%)4 AS((n+1)p) = 5% Agt S((n+ 1)p) — ST 5 5% A 5((n + 1)p),

where ad, the 3-dimensional adjoint representation of S, satisfies that S2d is the unreduced
suspension of $3/S! as an S3-space. Taking S®-homotopy orbits, we obtain a cofiber
sequence

CP*™ — HP" — (HP™)*,
where the last space is the Thom space of the adjoint representation, and the connecting
map

(Hpn)ad N E(CPQH _ (CPQn)ad

is the degree-shifting transfer. Stably, the cofiber sequence

(HP™)*~! — CP* — HP"

splits when localized at p = 3. Indeed, consider the fibration f : BS' — BSU(2) with
fiber S2. The Becker-Gottlieb transfer ¢ : BSU(2) — BS! splits this fibration stably after
localizing at 3 because in homology, f ot is multiplication by the Euler characteristic of the
fiber x(S?) = 2. The above splitting follows by restricting to 4n-skeleta. In particular, at
p=3,

tmf*(CP*) = tmf*(HP™) & tmf*((HP™) 1),
and the same splitting holds true for cohomotopy groups.

We study the algebraic Atiyah-Hirzebruch spectral sequence for tmf*((HP™)2 1), as
we did before for HP™. Let z € A_3(DCP™) be the generator of the 2-cell (note that the
degree of z in this section is different from the degree of the element called z in the previous
section) and denote the corresponding generators of (HP™)2d~1 by 2%*! The algebraic
Atiyah-Hirzebruch spectral sequence for (HP™)2d ! is a module over the one for HP", and
we have that dy(z) = z3a. Thus, the FEy-term of the spectral sequence for (HP?)24~1 is as
displayed in Figure 2.

6

4

2 e °

0 my
-12-10-8 -6 -4 -2 0 2 4 6 &8 10 12

FI1GURE 2. The E4-term of the algebraic Atiyah—Hirzebruch spectral sequence
for (HP?)ad—1

There is an a-extension from 7 to 233 due to the Toda bracket (a,a,a) = 3, and the
spectral sequence collapses at E5. The remaining 4i + 2-cells of (HP™)2d~! generate modules
isomorphic to Ext(A,(HP?)), up to shifts.

In dimension 0, there are no classes in tmf°(HP?)2d =1 The other possible candidates in
tmf?(HP™)2d =1 thus all come from tmf~2(HP"):

Sij = Z5(2i+1)+12jAj62i+1.
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By the same argument as before, only classes with ¢ = 0 can possibly contribute. These are
only cycles if furthermore 3|7, so that we conclude:

Lemma 4.1. The classes
[P0 ABT ] € Bxta)(A, A)[2]/(2°97)

are infinite cycles, representing nonzero classes in tmf°(CP3%%6) that do not extend to
tmf°(CP3%3+7) and whose image in tmf%(S7713) under the attaching map S7+13 —
CP363%6 of the top cell of CP3%7+7 is A% Bar.

4.3. Infinite families in the stable cohomotopy of projective spaces, p = 3. Consider
the cofiber sequence for n even

cpr2LeprLepr .
Applying the tmf-Hurewicz homomorphism yields a map of long exact sequences

.
c——adeprl  R0cpr 2 R0CPr | ——— .

o ] | b

e tmfOCP ™ —— tmf°CP" <2 tmf°CP? | —— -

where the right-most vertical map h is the ¢tmf-Hurewicz homomorphisms for the CP”_;.
Since CP? | ~ §*" v §?1=2 after localizing at 3, the right-most vertical map is just a sum
of 3-local Hurewicz homomorphisms for these spheres.

Taking n = 6 + 365, Lemma 4.1 shows that

p*(A?)jB) — [236j+5A3jﬁ] 7& 0e tme(CP36j+6.

On the other hand, [BS23, Thm. 6.5] implies that h(Bg11) = A% B and h(Bg;16/3) = A58
for all t > 0, where Sg;+1 and Sy 6/3 are certain nonzero classes in the 3-local stable
homotopy groups of spheres. Commutativity of (5) then implies that p*(By:+1) # 0 and
P*(Bo1e/3) # 0 for all t > 0.

Reinterpreting these results using the Atiyah—Hirzebruch spectral sequence, we obtain
the following.

Proposition 4.2. For all £ > 0, the classes
208001 and 2By 6

survive in the Atiyah-Hirzebruch spectral sequences converging to 7*CP7?+6 and 7 CP71+42,
respectively.

4.4. Geometric consequence. We are now prepared to deduce some geometric conse-
quences following the strategy summarized in Section 2.5.

Since n = 6 + 365 = 2 mod 4, the surgery obstruction vanishes on all the classes in
7lCP", so all of the classes obtained in Proposition 4.2 lift to nontrivial classes in hS(CP™).
It remains to determine their images under o, i.e., to determine on which exotic spheres
these classes detect free S'-actions.

As above, let h : mf — tmf, denote the tmf-Hurewicz homomorphism for the sphere. We
have h(ay) = a. Since h is a ring homomorphism and A% Ba # 0 € tmf, for all j > 0, this
implies that a189:4+1 # 0 and a18gs46/3 # 0 € 7 for all £ > 0.
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This relation implies that there are nontrivial d4-differentials

dy(2™Bgs1 1) = 2™ a1 Bgr 1 and

720441 721443
da (2" Boyigss) = 27 a0 By

in the Atiyah-Hirzebruch spectral sequences converging to 7:CP"+7% and 7 CP43+72¢,
Putting everything together, we obtain the following.

Theorem 4.3. For all £ > 0, there exist exotic spheres with Pontryagin—Thom invariants
a1fot+1 and a1 Bg46/3 which admit smooth free S Lactions.

Remark 4.4. The very first element above, «;f, recovers a result of Brumfiel [BruT7l,
Thm. 1.10(iv)].

5. ANALYSIS AT p =2

In this section, we prove the p = 2 part of Theorem A. In Section 5.1, we analyze tmf*HP™
using the Atiyah—Hirzebruch spectral sequence (AHSS), and in particular the algebraic
Atiyah—Hirzebruch spectral sequence (AAHSS), and in Section 5.2, we use the tmf-Hurewicz
homomorphism [BMQ23] to obtain nontrivial elements in 7%(HP") for certain n. These
elements are then used in Section 5.3 to study free S3-actions on exotic spheres.

5.1. The Atiyah—Hirzebruch spectral sequence for HP" at p = 2. The (A)AHSS
is somewhat easier than that for complex projective spaces. If z € A*(HP®) denotes the
generator of the bottom cell of HP® then by the Leibniz rule and the fact that HP? is the
cone on v, we obtain the differentials

d*(z") = iz hy.

We will see that the spectral sequence collapses at E'6 and splits into a sum of two isomorphic
spectral sequences for HP* and HP58 , respectively. Since we need information for all HP™,
we instead study the long exact sequences induced by the functor Ext 4 r)(A«, A«(—)) for
the skeletal cofibrations

HP!! — HP' — 5%,

considering it a two-stage spectral sequence.

Figure 3 shows the ring of derived modular forms Ext 4 (A, A); the reader is advised
to refer to this chart for the naming of the indecomposable elements. In this and all other
charts, a square denotes an infinite cyclic group, a dot denotes a copy of Z/27Z, a circle
around a class denotes a nontrivial extension by Z/27Z (so that a circled dot represents
a copy of Z/47Z), and a diamond denotes a copy of Z/2Z[hi], an infinite hi-tower. In all
remaining charts, we will not display the classes in the ideal (¢4, cg, A) in the zero line to
avoid clutter. All of these are infinite cycles in the AAHSS for any HP™.

5.1.1. HP?. The long exact sequence computing tmf*(HP?) is shown in Figure 4. There
are several multiplicative extensions present in the target. As is customary, denote by the
symbol {zy} a class in the Eo-term which is represented in E; by xy, but where at least
one of z and y do not survive to the Es-term (and hence {xy} is not a product there).
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6
4

M Sl el s s

0 2 4 6 10 12 14 16 18 20 22 24 26 28 30

FIGURE 3. The ring Ext 4 r)(4, A) of derived modular forms

-8 -6 -4-20 2 4 6 8§ 10 12 14 16 18 20

FIGURE 4. The long exact sequence in Ext for HP! — HP?

{4Z}h1 = <Z27 h274>h1 = Z2<h2,4, h1> :'226
{2zh2}h1 = <Z2, hg, 2h2>h1 = Z2<h2, 2h2, h1> 2226
{Ze}hg = <22, hg, €>h2 = 22<h2, €, h2> :Z2/€h1
{Z/ihl}hl = <Z2, ha, ﬁh1>h1 = Z2<h2, khq, h1> =22°R
{Zhl}hg = <22, hg, h1>h2 = 22<h2, hl, h2> :ZZE.

The abutment is shown in Figure 5, along with the Adams-Novikov d3-differentials.

8
6 A
/0/ ZR0
22KH® 42K
v z2e zn‘g

zkh1

o
o
8z

zhy

0 o2
-8-6-4-20 2 4 6 8 10 12 14 16 18 20 22 24 26

FIGURE 5. Ext(ar)(A., A.(HP?))

This computation, along with all higher Adams—Novikov differentials, also appeared in
[Tom26]. The reader may also compare with the Adams spectral sequence computations of
Bruner and Rognes [BR21, Ch. 8, Sec. 12.3].
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5.1.2. HP3. The long exact sequence for
HP? — HP? — §'

is displayed in Figure 6, and the E3-term of the descent spectral sequence in Figure 7.

T

8
6
4
2
0

},/
22h2

—12—10 8§-6-4-20 2 4 6 8 10 12 14 16 18 20 22 24 26

o

FIGURE 6. The long exact sequence in Ext 4 r)(Ax, A«(—) coming from the
cofiber sequence HP? — HP3 — S12

The Leibniz rule says that d(z?) = 2zd(z) = 2z3hs. The Massey product {zhi} =
(22, ha, hy) along with the Massey product Leibniz rule implies
d({zh1}) = (d(2%), ha, h1) = (22°ha, ha, h1) = 23(2hg, ho, hy) = 2¢.

This actually corresponds to a d°-differential in the AAHSS, since the class {zh1} is defined
on the 4-cell and z3¢ on the 12-cell.
Similarly, we have

d({z€e}) = d((2?, ha, €)) = (223ha, hy, €) = 2°(2hy, ha, €) = 2khy,

another d®-differential in the AAHSS. There is only one more class that for dimensional
considerations might support a nontrivial differential, namely, z?x. However, d(z%k) =
223Kkhy = 0.

We study the multplicative extensions by 2, h;, and ha:

{222Yhy = (23, 2Ry, 2)hy = 23(2hs, 2, hy) =235
{22ho}hy = (23, 2hg, ha, 2ha)hy = 23(2hy, hy, 2hy, hy) =22k
{Z2K,h1}h1 = <23,2h2,/<;h1)h1 = 42k
2{zh3} = {2zhy}h3 = 23khy
{zh3Yhy = 223k,

The last equation holds because twice it holds by the penultimate equation, and so it has
to hold up to a summand of 4z3%, which we may ignore by changing the generator in that
degree.

There cannot be an extension of 2{z?h?} = 2{z%h;}h; because 2h; = 0, and no other
extensions by 2, hy, or hg are possible for dimensional reasons.

5.1.3. HP*. As usual, we use the previous Ext computation and the cofiber sequence
HP? — HP* — S'°.

The corresponding long exact sequence is displayed in Figure 8, and the E3-term of the
descent spectral sequence in Figure 9.
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N

0
-12-10-8 -6 -4 -2 0 2 4 6 &8 10 12 14

FIGURE 7. Ext(ar)(A«, A«(HP?)) with d*-differentials

-16—-14-12-10-8 -6 -4 -2 0 2 4 6 8 10 12 14

FIGURE 8. The long exact sequence in Ext 4 r)(Ax, A«(—) coming from the
cofiber sequence HP3 — HP* — S16

By the Leibniz rule, we have d(z%) = 3z%hy. We also have
d({z*m}) = d((z°,2h2, h1)) = (2'3ha, 2ho, hy) = 2,

another instance of a d®-differential, and all other differentials are implied by multiplicativity,
including the d'?-differential
d({2zhs}) = 'k,
which follows from {2zhs}he = 23k.
We see that there is no room whatsoever for extensions by 2, hy, or hs.

ZFh3
2’Fh}
‘ 23%hy /\ /\Q
zhf”/\ \
A /hg @ 4A[/ 4230 /2220 7 Az

—16-14-12-10-8-6—-4—-2 0 2 10 12 14 16 18 20 22

S N k= O

FIGURE 9. Ext(4r)(A., A.(HP?))

We observe the following properties:
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e The above computations of Ext?j F)(A,A* (X)) for X = HP* are also valid for
X = HP? since they only depended on the attaching maps of 4i + 4-cells to 4i-cells,

and 4ho = 0.
o Extfir) (A, A*(HP*)) = O unless 4 | (t—s)—s = t—2s. Since all AAHSS differentials

have (s,t)-bidegree (1,0), it follows that the AAHSS for HP* ¥ (0 < k < 3) is
equal to a direct sum of n copies of the AAHSS for HP?, shifted accordingly, and
one copy of the AAHSS for HP*. In particular, the AAHSS collapses at E'3.

e The descent spectral sequence for HP® has a differential d3(z%) = {2°h$}. At Ey, it
is concentrated in bidegrees (s,t) with s <2 and ¢t — s # 3 (mod 4).

The last property implies:
Proposition 5.1. In the cofiber sequence HP®" — HPS++F Hngif , the connecting
map E_lﬂngif — HP®" induces 0 in tmf (2-homology. In particular, we have a splitting

n—1
tmf AHP3HF ~ (@ tmf A HPSZIE) @ tmf N Hngjf.
=0

Proof. Let X be a connective spectrum with cells only in dimensions congruent to —1
modulo 4 and f: X — HP®". Suppose inductively that the restriction f(: xn—1 _
X — tmf A(HP®") to the 4n— 1-skeleton of X is nullhomotopic. Then f("*+1) factors through
XWnt3) ) x (n=1) = @y §4n+3_ Since tmf,, 5(HPY) = 0 for all n, f™*+1) is nullhomotopic.

0

Remark 5.2. The computations also suggest that the truncated spectra Hngif all become

equivalent after smashing with ¢mf. This is true and can be proved using a Thom isomorphism
derived from the fact that the spherical fibration associated to the virtual bundle 8L — 1 is
tmf-orientable, where L is the canonical quaternionic line bundle on HP*°. As this statement
is not required for proving our results, we omit the details here.

Due to the 16-periodicity of Ext 4 (A, A*(HP>)) and the 32-periodicity of tmf, (HP>),
these computations enable us to find classes = € tmf°(HP?) that do not extend to
tmf°(HP™1), and determine their (nontrivial) image s(z) € tmf°(S*+3) under the at-
taching map S**+3 — HP? of the top cell of HP*!'. We are looking for classes z €
Extia (A4, A*(HP?)) that are permanent cycles in the descent spectral sequence, and
distinguish two types:

(1) We have that s(z) # 0 € Ext(A,F)(A,A*(S“H)), and s(x) is not an eventual
boundary in the descent spectral sequence of the sphere.

(2) We have s(x) = 0 € Ext(4)(4, A*(8%+3)), supporting an Adams-Novikov differ-
ential d’(x) = y in the descent spectral sequence for HP! where y represents a
nonzero class s([z]) € tmf*(S*+3).

We creatively call these classes candidates of type 1 and 2, respectively.

5.1.4. Candidates of type 1. Since the periodicity of tmf is 192 and 16 | 192, we are looking
for such classes in dimension 16¢. The ring of derived modular forms has the two periodicity
elements & in dimension 20 and A in dimension 24, and any class of dimension greater or
equal to 20 is divisible by & or A. All of our candidate classes therefore are of the form
2P AJRix with & in a dimension divisible by 4.
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For any k, we consider the classes nz*AJ&’ for 4 { n of dimension 24j + 20i — 4k. For
AJR" to represent a nonzero class in m.tmf, we must have j even and

5 j=0 (mod 8)
(6) i<<{1l; =26 (mod?3)
3; j=4 (mod 8)

Furthermore, we have that d4(nzkAjRi) = nkzFt1 AR hy. Since Rhoy is a boundary in the
Adams—Novikov spectral sequence, we must have ¢ = 0. That leaves us with classes of the
form nzFAJ for 4 f nk, none of which are in the Hurewicz image.

For k=1 (mod 4), we also have:

e The classes A72Fh2. However, d*(2*h?) = 2¥1h?, and h3 represents n° = 0.
For k =2 (mod 4), we have:
e The classes AJzF~1Rle.

This class hits z**1xh; when the dimensional congruence 65 + 5i = —1 (mod 4) is satisfied.
Since k%¢ = 0, we must have i = 1, i.e. A72577%e, which hits A725719%kh,. The classes Ajre
are only permanent cycles for j = 0,1 (mod 4) in the Adams—Novikov spectral sequence,
thus we can further restrict to classes of the form A% 224+ 7ge or AV 2247+135¢ Only the
latter class has the exponent of z is congruent to 1 mod 4, and we have found our first
infinite family of classes:

Lemma 5.3. For each j > 1, the class 229 t13A%*1ze € tmfO(HP?9+14) is nonzero, and
under the attaching map of the top cell §97+59 of HP?4+15 it maps to the nontrivial class
A4]+1R5h1.

For k =3 (mod 4), we have

e The classes AJzF—1zte.

If the dimension is to be 0, we must have i even and thus, since #%¢ = 0, i = 0. The classes
A7259%2¢ are thus candidates. However, as we argued before, Afe is not an Adams-Novikov
cycle unless j = 0,1 (mod 4), thus we need to consider A4jz24*2¢ and A¥+42247+8  In
this case, only the first case satisfies that the power of z is congruent to 2 modulo 4, and we
obtain:

Lemma 5.4. For each j > 1, the class z24j+2A4j'e € tmf°(HP?%+3) is nonzero, and under
the attaching map of the top cell S969+15 of HP?4+4 it maps to the nontrivial class A% kh;.

For £k =0 (mod 4), obtain no further classes.

4
ged(4,n)”

and which support an Adams-Novikov differential d3({nz¥}) = 2 unless 8 | k. Since
k'n® = 0 in m.tmf, only the case i = 0 is of interest. However, in that case, none of these
classes lie in the Hurewicz image. All other d3-differentials hit classes that represent zero in
tmf-homology. Tominaga’s computations [Tom26] of the Adams—Novikov spectral sequence
for HP? reveal no candidates of type 2 there. It would be interesting to see if there are such
candidates for HP3, ..., HP®, but we won’t do this here.

5.1.5. Candidates of type 2. For any k, we have the classes {A/&'nz*}, where n =
k+1p,3
1
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5.2. Infinite families in the stable cohomotopy of projective spaces, p = 2. For all
n, we have a cofiber sequence

HP" ' 5 HPY — s
Applying the tmf-Hurewicz homomorphism yields a map of long exact sequences

.
ce—— adHP —— OHPr P 0

o L

. —— tmfOHP"! —— tmfOHP" «E 05— ...

where the right-most vertical map h is the tmf-Hurewicz homomorphism for S4".
Taking n = 245 4+ 13 and n = 245 + 2, we have

p*(A4j+1l_€€) — [224j+13A4j+1l_£6] 7& 0e tme(HP24j+13),

P (AYe) = [PV T2AY €] # 0 € tmfO(HP?Y1?),

by Lemma 5.3 and Lemma 5.4, respectively. On the other hand, [BMQ23, Thm. 1.2] implies
that AYtRe and A%Ye admit lifts along the tmf-Hurewicz homomorphism; let us write
v, g and vy €, respectively, for these lifts. Commutativity of (7) implies that

(24 130}%7q7] = p* (0} gR) # 0 € TIHPHIY,

[224j+2v;6j6] — p*(véﬁjé) 7é = WgHP24j+2
for all j > 0. Reinterpreting in terms of the AHSS, we have:

Proposition 5.5. For all j > 0, the classes

, 6 16
224J+13026]q,‘€ and q24j+2v26]€
survive in the Atiyah-Hirzebruch spectral sequences converging to m*HP?*+13 and 7} HP?4+2,

respectively.

5.3. Geometric consequences. We now follow the strategy of Section 2.5 to deduce the
existence of smooth free S3-actions on certain exotic spheres.

The surgery obstruction vanishes on all classes in 7JHP™ for all n, so all of the classes
of Proposition 5.5 lift to nontrivial classes in hS(HP™). We wish to determine on which
homotopy spheres these classes detect free S3-actions.

There are two possibilities, depending on relations in the stable stems which we do not

attempt to determine here. To state the theorem, for all j > 0, let us write v%ﬁj +4an and

’U;Gj rkn for lifts of A% +1gkh; and A¥kn along the tmf-Hurewicz homomorphism for the
sphere. Such lifts exist by [BMQ23, Thm. 1.2].

Theorem 5.6. Let j > 0.
(1) Ifv- v%6j gk # 0 € T35, 96, then there exists an exotic sphere with Pontryagin-Thom

. . 1 _ . . .
invariant v - 1126‘7 gk which admits a smooth free S3-action.

(2) Ifv- 0;63' gk = 0 € 75y 4965 then there exists an exotic sphere with Pontryagin—Thom

+

. . 16j+4 . . .
invariant 1)263 %k which admits a smooth free S3-action.
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Proof. Fix j > 0. Suppose that v - U;Gj gk # 0 and consider the AHSS converging to
T*HP2% 414 By Proposition 5.5, the class 224 1301% g7 is not the target of a differential.
Since v - ’U;GJ gk #0 € T3y +96;» there is a nontrivial dy-differential

245413, 16] =y _ 245414, 165 -
dy(2%% 5 Tqk) = 2"y vy gk #£ 0.

It follows that o([z247+13 16jqn]) =v- v2 Jqi. This proves part (1).

Now suppose that v - 1)2 TqR = 0 and consider the AHSS converging to TIHP?YT | As

24;+13

above, we know the class z qm is not the target of a differential, but now we have

165 165 -
da(z 24]+13 161 giz) = S24j+14,, w9 = 0

245+13 167(]/-1 survives to Eg

24]+15

SO 2

We now claim that z /<a77 also survives to Fg. It is a permanent cycle for degree
reasons, so it suffices to show it is not the target of a dy-differential. Assume towards a
contradiction that it were. Then vgoj kn would be divisible by 2v, and thus its ¢tmf-Hurewicz
image AY*1gkh; would equal 2v times an element in the ¢mf-Hurewicz image. But this is
not the case, as can be verified from inspection of [Bau08] and [BMQ23, Thm. 1.2]. Thus

2247+15y ZOJ Kn survives to Fjg.

In summary, we have shown that the lifts of the source and target of the dg-differential

(Lemma 5.3)

d8(224j+13A4j+1R ) = LU AL o

in the AHSS converging to ¢mf *HP?+15 survive to the Eg-page of the AHSS converging
to m*HP?¥+15 Naturality then implies

24j+13,,16] L245+15,207
dg (" !

qe) = Rkhy

in the latter spectral sequence, which then implies o([224 130} ge]) = v2%kkhy. The
completes the proof of part (2). O

A similar argument proves the following.

Theorem 5.7. Let j > 0.
(1) If 2v - v%w € # 0 € T} gg;, then there exists an exotic sphere with Pontryagin-Thom
invariant 2v - ’U;Gj € which admits a smooth free S3-action.
(2) If 2v - ’U;Gj € =0 € Ty g6, then there exists an exotic sphere with Pontryagin-Thom
invariant vé6j xn which admits a smooth free S3-action.
Remark 5.8. When j = 0, inspection of [TWX23] shows that v - ¢k =0 and 2v - ¢ = 0, so
we obtain smooth free S3-actions on exotic spheres with Pontryagin-Thom invariants vjkrn

and xn. The latter example was also proven recently by Basu and Kasilingam [BK22| using
explicit low-dimensional computations.
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